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HNccaenoBanme TpuronoMmerpmieckKnx oyHKITAA

Hanomuum, aro dbyuknus f(z) HasblBaeTCsl nepuoduteckot, eciau cylnecTByeT Takoe aucyio 1 # 0,
9TO NI JII000ro x u3 objactu onpenesrennsd yHkuun f oba uncia x + T TakzKe MpUHAIIEX)KAT €6
obsactu onpenesenus u BeimosHens! pasencrsa f(x + 1) = f(x —T) = f(x). Yucmo T upu sTom
HA3BIBAETCS MEPUOJOM TaHHON (PYHKIINN.

OcHoBHBIE TpUroHOMeTpuUecKne (PYHKIUN SIBISIOTCH HMepuogudecKkuMu. Tak, GyHKIUN sinz u
COS T UMEIOT HAUMEHBINU MTOJIOKUTEIbHBIN 1epro 27m; MYHKINNA tgx U ctg r UMEeIT HAUMEHBITNH
[IOJIOXKUTEIbHBIN TIEPUOJT, 7.

BAJAYA. [lokaxure, uro dbyakims f(x) = sin 2z + cos 3z ABISETCS TEPUOAMIECKON, U HafiuTe eé
HaVMEHBIIIUH [10JI02KATEJIbHBIN [IepUO/I.

PEIEHUE. Jlerko BujieTh, 4TO
f(x +27) = sin(2(x + 27)) + cos(3(z + 27)) =
= sin(2z + 47) 4 cos(3z + 67) = sin 2z + cos 3x = f(z),

nosromy byHKIws f(x) nepuoaudna ¢ nepuogom 27. Haiiém eé HaMMeHbIH MOJI0KUTEIbHBIN 11e-

PHO/IL.
[Tycts T' — mekoropsiit nepuos dyuknun f(x). Torma mis aroboro r nmeem:

sin(2(x + 1)) + cos(3(x +T')) = sin 2z + cos 3z,
sin(2x 4 27") — sin 2z = cos 3x — cos(3z + 37),

9TO I10CJIe HpeO6pa30BaHI/IH paBHOCTefI CHMHYCOB U KOCUHYCOB B ITPpOU3BEJICHUA ITPUBOJUT K PAaBEHCTBY

3T 3T
sinT cos(2z + 1) = sin 5 sin (Sm + 7) : (1)

DTO paBEHCTBO, HAIIOMHHUM, JOJIXKHO BBIMOIHATHCA npu ecex x € R. st 3T0r0 J10CTATOYHO,
9TOObI

sinl" = 0,
L (2)
Sl — =
2 )
TO €CTb

T=r7k, kelZ,
2

T:%?,mez

U3 stux pasencts umeeMm 3k = 2m, otkylda k — 4érHoe qucio, k = 2n (u Trorma m = 3n, n € 7).
CnenoBatenbho, T = 27n.

[Tokazkem Terepb, 9TO cucTeMa (2) BJSIETCS TAK¥KE M HEOOXOAMMBIM YCJIOBHEM BBITOJIHUMOCTH
pasencTBa (1) npu Jil060M & (MHBIME CJIOBAMHE, JPYIHUX IEPUOJIOB, KpOMe 27N, Halla (DYHKIUS UMETh
He MoxkeT). B camom gene, iyers T' # 27n u mycth @ = —%. Torma seBast wacte (1) pasna sin T' # 0,
a mpaBas JacTh paBHA HYJII0. SHAYHUT, PABEHCTBO (1) He MOXKeT OBITH BBIIOJHEHO IIPU BCEX .

Taxkum 06pazom, Bee mepuoibl Hameil dyuakinuu naorcs dbopmynoit T = 27n, (n — HeHy/eBoe
IeJIOe 9IHCJI0), & HAMMEHbIIIM TIOJIOYKUTEILHBIM [IEPUOIOM OyIeT Iucyo 27.

Ha onmMnmaiax m 9K3aMeHaxX BCTPEYAIOTCS 3aJa4d, B KOTOPBIX TpeOyeTcsd HANTH MHOXKECTBO
3HAYEHUII TPUTOHOMETPUYIECKOil (DyHKIMK, HauboJIbIllee U HAMMEHbIIlee 3HAYCHUA U T. 1.
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BAIAYA. (MY, g-m enobarvnux npoyeccos, 2005 ) BoisicHure, BEPHO Jin CII/IyIONIEe yTBEPK ICHIE:
MHOYKECTBO 3HaUEHU (DYHKIUN Y = COS 22 — 3 Sin & TPUHAJICKUT OTPE3KY [—4; V5 ]

PEIEHUE. Nmeem: y = 1 — 2sin? 2 — 3sinz. Caenaem 3ameny ¢ = sinz. Korna o npoberaer Bce
sHaveHns u3 R, BesmamHa t nmpoberaer Bee 3HadeHus u3 orpeska [—1; 1]. Tlosromy 3amaua cBoures
K HAXOKJICHUIO MHOYKECTBa 3HadeHmil KBajapaTudnoil dynkiuu y(t) = —2t — 3t + 1 Ha orpeske
I=[-1;1].

Ipacdukom dyuknuu y(t) cayzkur napabosia, BETBE KOTOPOH HalpaBjeHbl BHU3. AGcimcca Bep-
IIUHBI 1apadoIbl 1y = —% HNPUHAJJIEKUT OTPE3Ky [, 1mosToMy HamboJIbillee 3HaUeHne (QYHKITMH Ha
JIAHHOM OTPE3Ke JIOCTUTAECTCSA B BEPIIUHE TTapadOJIbL:

3\’ 3 17
— — —2 . R _ . — 1 — .
Ymax y(tO) ( 4) 3 ( 4) + 8

Haunmenbiee snauenue dbyukiuu y(t) Ha orpeske [ JOCTUraeTcss HA OJHOM U3 KOHIIOB OTPE3KA.
Buruncagem:

y(=1) =2, y(1) = =4 = Ymin = —4.
Nrak, MHOXKECTBO 3HaquH171 Hareil pyHKIWMK Ha oTpeske [ ecTh oTpe3ok F(y) = [—4; %7} Ocra-
€TCd CPaBHUTH YHUCa = U V5. Nneem:

1289 /289 1320
—V5= 64 64V 64
[Mosromy E(y) C [—4; V5 }, TaK 9TO YTBEPXKJIEHUE 3a/Ia9U BEPHO.

SBAJIAYA. (MOTH, 1996) dana dbysakims

2sin* z + 3 cos? x

) = '
/(@) 2 cost x + sin’ x
Haitrn:

1) xopuu ypasuenus f(z) = %;

2) nauboJibliiee 1 HaMMEHbIee 3HadeHust QyHKIWH f ().
PEIIEHUE. Nmeem:

2sintz + 3 (1 - sin’ z)

fz) =

2 (1 — sin? x)2 +sin® x 7

2

rocJie 3aMeHbl ¢ = Sin“ o U HeCJI0XKHBIX ITpeodpa3oBanuii moJrydaeM (hyHKIIUIO

2t2—3t+3_1 1

pott=st+s o b 0:1]. 3
) =cp g =1 top g9 1€ (3)

HpI/IpaBHI/IBaH JAaHHOE BhIpaykeHne K 175, Jerko moaydaeM 1612 —24t+9 = 0, To ects (4t —3)? = 0.

Otrcioma t = ¢, sinx = :I:\f ux=+%+7n (n€Z). ITo OTBET Ha BOIPOC IyHKTA 1.

Tpe60BaHI/Ie IYHKTa 2 PABHOCHJIBHO CJICYIOMIEMY: HAWTH HanbOJIbIIee U HAUMEHbIIee 3HATCHHS
dbyukuuu f(t) na orpeske I = [0;1]. s sroro sammmenm (3) B Buje

re p(t) = 2t? — 3t + 2. JIMCKpUMUHAHT JIAHHOTO KBaJIPATHOIO TPEXUJIeHa MeHbIe HyJls, TIO3TOMY
dbyukus ¢(t) IPUHIMAET TOJBKO IIOJIOKUTETHHBIC 3HATCHUSI.



Ipadukom byskimn ¢(t) cayKuT mapabosia, BETBH KOTOPOIl HampaB/ieHbl BBepX. Abcrucca Bep-
IIUHBL 1y = % [IPUHAJJIEKUT OTPE3Ky [, mosTOMy HamMeHbIlee 3HadeHne GyHkunn ¢(t) va I moctu-
raeTcs B BepIINUHE:

9 9 7
min — o) == —— 2=—.

HawuboJibiero 3navenust pyHKIUS ¢ JOCTUTAET HA OJHOM M3 KOHIIOB OTpe3Ka [:

0(0) =2, p(1) =1 = Pmax = 2.

Teneps HaxoM HaUOOJIBINIEE U HAUMEHbIIIEe 3HAYCHUS (DYHKIUUA f:

1 8 15
max—1+ :1+_:_a
f Pmin 7 7

1 1 3
min—1 =1 = — 5
fon =140 =157

OTBET: 1) +% +7mn,n€Z;2) 2 u 3.

B HekoTOpBIX CiIydasix MOXKHO HCCJIEI0OBATH TPUTOHOMETPUUIECKYIO (DYHKIIHIO C MTOMOIIBIO TaK
Ha3BIBAEMOTO Memoda 6CNOMO2aMeNbH020 apzymenma. HamoMHUM, 9TO pedb MIET O CJIEIYIOIIeM
Ipeodpa30BAHNN:

cosx +

acosT + bsinx = vVa? + b2 (

a b )
. — ——sinz |,
N VE+ R )

1 IIOCKOJIBKY

2 2
a n b ]
_ _ =1,
Va? + 12 VaZ + b2
TOYKA, C KOOPIUHATAMUI (ﬁ, ﬁ) PacCIoJIozKeHa Ha eIMHUIHON OKPYKHOCTH; CJIeJ0BATEIHHO,

CYLIECTBYeT TAKOH yIoJl (¢, 9TO

a . b
——— sinp= ——.
a? + b2 4 va? +b?

cosp =
[TosTomy

acosx + bsinx = vVa? 4 b?(cos x cos ¢ + sinx sin ) = Va? + b2 cos(x — ).

Orcro/1a, B 9aCTHOCTHU, BBITEKAET, YTO MHOXKECTBO 3HaUeHUN (DyHKIMN a cos x + bsin x ecTb 0Tpe3ok

[—\/a2+b2;\/a2+b2}.

BAJAYA. (MI'Y, 2eonoeun. ¢-m, 1981) Ipunumaer ju yHKIHs
y = sin®x — 12sinx cos x + 3 cos® z — 2v/66

XOTsI ObI B OJIHOI TOYKE IIOJIOYKUATEILHOE 3HAUYCHUE?
PEmMEHUE. UmMmeem:

1— 2 1 2
y = ¥—6Sin2x+3-$ — 2v/66 = cos 2z — 6sin 2z + 2 — 2v/66 .

BBojid BCIIOMOTaTe IbHBIH apryMeHT, HOJIyIIM
y = V3T cos(2z + ) +2 — 2V66,

3



e

) 6
cosp = ——=, sin

\/ﬁa @Z\/ﬁ
Ymax = V37 + 2 — 266 .

O6osnaunum p = /37 + 2 u ¢ = 2v/66. Toraa Ymax = p — ¢, ¥ HY>KHO CPABHUTDL JAHHYIO PA3HOCTD
C HYJIEM. 3aMeTuM IIPH 9TOM, YTO p — ¢ MUMeeT TOT Ke 3HaK, 4To u p° — ¢°. Brraucisenm:

3
P = (V3T +2) =230 +49V3T. ¢ =528,

Ecm x = —%£, 10

OTKY/1a

p® — ¢® = 49v/37 — 298 = /88837 — /88804 > 0.

Cite1oBaTeIbHO, Ymax > 0, 1 TTO9TOMY OTBET HA BOIIPOC 3aJa9U — YTBEPIUTE/ILHBIH.
BAJAYA. («/lomonocos», 2014 ) Haiinnre HanMmeHblee 3HaYEHIE BbIPAYKEHUST
3 s
sin (m g)
2 (\/gsina: — cosa:) cos 3x — cosbxr — 7

PEMIEHUE. O603HaunM JaHHOE BbIparkKeHue depes [ u mpeobpasyem ero:

sin (a: — %) B sin (x — %)

4(‘/7531111:— %cosx) cos3z — (2cos23x — 1) —7  4sin (z—§) cos 3z —2cos?3z — 6

f=

Obo3znaunM Takxke a = sin (x — %), b = cos 3x. Umeem:

a —a

T dab—202—6 2(a—b)2+6—2a%

f

BnameHaTeb HOCACAHEH Ipobu HmoJIoKUTeIeH. UT00bI He CBA3LIBATLCA CO 3HAKOM (1, OLEHUM
MOJLyJIb [OJTyYeHHOTO BBIpaxKeHus ¢ yuéToM HepaseHcTs (a — b)2 > 0 u |a| < 1:

= jal a] 11
20a—b)2+6—2a2 " 6—2a2 6—-2-1 4’
OTKYyJa
1 1
—1sf<g
Ecmm x = %’T, T0 @ = b = 1, u Torma B OIEHKE CHHU3Y J0CTUraercss papeHcTBo. CiemoBaTesIbHO,

HanMEHbIIICEe SHaYCHUEC BCJINYMHBI f PaBHO _411 .

Sajaun

49

1. («IToxopu Bopobvéswi zopui!», 2016) Cpapmure uncia (sin 1 +cos1) u 3¢

. OtBet obocmyiiTe.

’ 9mI9Ir0Q OIrOMh d0ada]]

2. (Bcepocc., 2015, M3, 11) He ucnonb3yst KaabKyaaTopa, OIPEIeINTe 3HAK THCIIA

(cos(cos1) — cos 1) (sin(sin1) —sin1).



3. («Qusmex», 2013) CKOJIBKO CYIIECTBYET HATYPAJIBHBIX 1 TAKUX, ITO (DYHKIHS

10
f(z) = cosnx - sin -
n

nmMeetT nepuoj 67?7

4. («Qusmex», 2011) CKOJIBKO Pa3JIUYHBIX [EJIbIX 3HAYEHUH NPUHUMAET QYHKIUS

f(z)=17sinx +tgx - ctgz?

5. (MI'Y, gunonozus. ¢-m, 1978) Haiitn HaubosibIliee U HAUMEHbIIIee 3HAYEHUsT (DYHKIIUH

1
f(z) =sin®z + cosz — 3

2el[a}
oI

6. (MI'Y, ¢-m enobarvhuwx npoueccos, 2005) BoisicHure, BEPHO JIM CJIEYIONIEE YTBEPKICHIE: MHO-

JKeCTBO 3HaveHuit pyHKIuu y = 2 cos 4x — cos 2T NPUHAJJICKUT OTPE3KY [—\%; 3.

7. (MI'Y, mexmam, 1995) Haiitu Bce umcia k, 1 KOTOPBIX (DYHKIHST
y(z) = k(2sinz + cos’ x + 1)

He IPUHUMAET 3HaYeHUi, OOIbINX 3.

8. (MY, mexmam, 2010) Haiiure HauMeHbIIee U3 MOJIOKUTEIbHBIX 3HAYCHU DyHKIIKT

4
"~ 3cos?x +2sinx —1°

()

9. («Dusmex», 2011) Haiiure HanMeHbIIlee 3HAYECHNE BbIPAKEHUST

3sin? a + 7 cos? o + 8sin* o + 12 cos® av.

10. («/Iomonocos», 2015) Haiigure HanMeHbIIlee 3HAUECHNE BbIPAKEHUS

(3\/2(1 + cos2x) — \/8—4\/§sinx+2) : (3—}—2\/ 11— \/gcosy—COSQy) :

[1tg—]

ov — MY



11. («/lomonocoss, 2016) Haiimure MakcuMabHOE YHCIIO, TPUHAJJIEXKAINEE MHOYKECTBY 3HAUEHUI
dyHKIIT

f(z) = 14125 sin® z + 20 cos® x + 24180 sin 22 — 6048 cos x — 8064 sin x + 6025.

12. («/Iomonocos», 2012) Haiiure MHOXKECTBO 3HAYECHUI DYHKITUH

1

= tg? 2z + 6sinz — 2 cos 2z — :
y(r) = tg* 2z + 6sinz — 2 cos 2z o2 on

{1-ereb\ 15—

13. (M@TH, 1996) Hana dynknus

sin®  + cos® z

) = ‘
sin? z 4 cost x
Haiirnu:

1) xopuu ypasuenus f(z) = 1_70;

2) nauboJibliiee ¥ HaMMeHbIee 3HadeHust QyHKIWH f ().

Cut(cizau'GE+iF(

14. («Qusamex», 2015, 10) Hana dynkuums

2cost r + sin’ x

z) = )
9() 2sin*x + 3cos?
Haitnure:

a) KOpHE ypaBHeHus ¢(r) = % :

6) Hambosiblliee 1 HauMeHbIee 3HavdeHust QyHKIUN §(x).

’%H%(gfzau‘uwr%‘u%Jr%(E

15. (MI'Y, 2eonoeun. ¢-m, 1998) Haiitu Hanbosibiiiee 1 HauMeHbIee 3HaYeHsT (OyHKIUHI

f(x) :cosx+4cosg +7cos§ —|—6COS%.

16. (MI'V, ¢-m nousosedenus, 1997) Haiitn Hanboibiliee 1 HauMeHbIIIee 3HAYEHUsT BHIPAZKEHUST

/1— 2 / 1— 2
( o8 :zc 2 — 3008x—1>< (;os y—l— 11—\/§cosy—i—1>.

z(g/\—II/\+I)—H§/\—OI




17. («/lomonocos», 2014 ) Haiinure HanboJibiiee 3HAYEHE BbIPAYKEHUSI
3 s
sin (m + Z)

2v/2 (sin 2 + cos ) cos 4z — cos 8z — 5

=l

18. («/lomonocoss, 2018, 10-11) Haiinure nanboJibiee 3HavdeHne (OYyHKIIUT

f(z) = sin(z + sinx) + sin(z — sinz) + (5 — 2) sin sin

19. (OMMO, 2009) Haiiaure cymmy Bcex KOpHeil ypaBHeHUsI
2cos3x + 8|sinz| —7 =0,

IPUHAIEZKAIIIX OTPE3KY [—%”; %T”]
0]

20. (MT'Y, sxonomun. ¢-m, 2000) Tpo dbyskimo f(z) U3BECTHO, Y4TO OHA OIpPEJIeJeHa HA OTPe3Ke

6) 1 yJOBJIETBOPAECT Ha 9TOM MHO2KECTBE CHUCTEME

*
6’
1 10
“12cos (2f () ) = =
o [(@) — 1 “S<f(x)) v
0< f(x) <
4
Pemmrs nepasencrso f(zr) < § .
[o:2]

21. (Oaumnuada BIIID, 2011, 11) Haiiaure HanboibIlee 1 HANMEHbIIee 3HAYEHUsT (DYHKITIH

f(z) = cos(cos(cosx))).
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