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FeOMeTpI/I‘{eCKOe MeEeCTO TOYEeK

[IpeImoioK M, 9T0 UMeeTCsi HEeKOTopoe yejioBue (Ha3oBéM ero S), chopMyTUpOBaHHOE JIJIsl [TPOU3-
BOJIbHOH TOuKM M Ha IJIOCKOCTH.

[IycTs, Hampumep, O — ukcupoBaHHAsT TOYKA IIJIOCKOCTH, U yCJIOBHE S 3BYUNT TaK: «PACCTOSTHIE
ot Touku O 510 Touku M pasmuo 1». Unrepecen Borpoc: rje HaxoasaTesa ece Takue Touku M7 Orser
siceH — Bce Takue TOYKU M pacrosioykeHbl HA OKPYXKHOCTU C IeHTpoM B Touke O m pajmycoM 1
(puc. 1, ciesa). Jlrobas Touka M 310it OKpy2kHOCTH yioBjieTBopsieT paBenctBy OM = 1 (ycioBue S
BBITIOJTHEHO), a JIsi BCAKON Toukm M, He Jexkareil Ha JaHHON OKPYZKHOCTH, CIIPaBE/[JINBO HEPABEH-
crBo OM # 1 (ycioBue S He BBIIOJHEHO).

s onmcanns MOAOOHBIX CUTYAIMl KaK pa3 U MPUMEHSETCs CHEUaJbHBII TEPMUH «MeOMeTPH-
YECKOe MECTO TOYEK».

Teomempuuecroe mecmo mouex (I'MT), yroBeTBopsAOmuX yCJIOBHIO S, — 9TO MHOXKECTBO 6CET
TOYEK IIJIOCKOCTHU, YJIOBJIETBOPSAIONIUX JIaHHOMY ycjoBuio. ubiMu ciioBamu, jodas Touka u3 ['MT
YJIOBJIETBOPSIET YCJIOBUIO S, a BesiKasi TOUKa, He jexkaras B ' MT, sTomy ycoBuio He yI0BIeTBOPSIET.
Moxkmno ckazarh, ato ['MT gBisercd «MaKCHMaJIbHBIM» MHOYKECTBOM TOYEK ILIOCKOCTH, YIOBJIETBO-
PSIONINX YCJIOBUIO S.

I'™MT me I'MT

Puc. 1. I'MT rouek M takux, uro OM =1

Bepuémcsa k paccmorpennomy Bbiiire npumepy. OKpy2KHOCTH ¢ 1rieHTpoMm O u pajimycom 1 — 310
reOMEeTPHYIECKOE MECTO TOYEK, yIAIEHHBIX 0T Touku O Ha paccrosiaue 1 (puc. 1, cieBa). A BoT nmpasast
[IOJTyOKPY?KHOCTh, HAIIPUMED, yKe He OY/IeT reOMETPUYECKIM MeCTOM TOY€EK, YOBJIETBOPSIONINX JIaH-
HOMY yeaoBuio (puc. 1, cripasa). B camom Jeste, xorst jtst 11060i Touku M paBoil OJIyOKPYKHOCTH
Boiotnero OM = 1, HalijyTess u jipyrue TOYKH (& UMEHHO, JieBas MOJYOKPY’KHOCTB), JJisi KOTO-
PBIX 9TO yCJIOBHE TaKxKe BBINOJIHEHO. VIHbIME cioBaMM, TIOJIyOKPY?KHOCTb HE €CTh «MaKCUMAaJIbHOE
MHOKECTBO TOYEK, YJIOBJIETBOPAIONINX JTAHHOMY YCJIOBHIO, a 3Ha4nT — He ['MT.

B nannoii crarbe paccmarpuBaioTcd JiBa Baxkueimux mpumMepa 'MT — cepejmnnbiit meprien -
KyJIp K OTPE3KY U OUCCEeKTpHuca yria.

CepeauHHbI IEPIIEHANKYJISIP
Cepedurnviti nepnendukyssp K OTPE3Ky — 3TO IpsiMasi, HepIEeHIUKY/IsIpHas JaHHOMY OTPE3Ky U
[IPOXOJISAIIAsT YePe3 ero Cepe/InHy.

TEOPEMA. CepeuHHBINH MTEPIEH/IUKYJISAD K OTPE3KY €CTh NeéOMETPUUIECKOe MECTO TOUYEK, PABHOY/ A~
JIEHHBIX OT KOHIIOB JJAHHOT'O OTPE3Ka.

JIOKABATEJIbCTBO. Bo-11epBbIX, MbI JIOJIZKHBI JIOKA3aTh, UTO JI00ast TOYKA CEPEIMHHOTO ITePIIeH, -
KyJisipa paBHOYy/IaJIeHa OT KOHIIOB OTpe3Ka. Bo-BTOPBIX, HY?KHO JIOKa3aTh, YTO HUKaKas JIpyras TOUKa
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9TOMY YCJIOBHIO HE YIOBJIETBOPSIET, TO €CTh CePeIUHHbIN MEePIEeHINKYJ/ISID COAEPKUAT BCE TOUKHU, PaB-
HOY/IAJIEHHBIE OT KOHIIOB OTPEe3Ka.
Taxum obpaszoM, HAM HYKHO JIOKa3aTh JIBA B3aUMHO-O0OPATHBIX YTBEPXKICHUS:

1. ecau mouka npunadiesrcum cepedunHomy nepnendukysapy x ompeaxy, mo ona pasHoyoaiend
om KOHU08 OMpPe3Ka;

2. ecau movKa pasHoydasena 0m KOHUO8 OMPe3ra, Mo OHG NPUHAOAEAHCUM, CEPEIUHHOMY NEePNEH-
QUKYAADY K IMOMY 0OMPeE3Ky.

Jlokazxkem repBoe yTBep:kienue. [Iycts C' — cepesuna orpeska AB. [Iposeném cepeuuHbIil mep-
HEH/IUKYJISD p U BeIOEpeM Ha HEM IMPOU3BOJIbHYIO TOUKY M (puc. 2, cieBa).

p p

Puc. 2. I'MT Touek, paBHOYIaJEHHBIX OT KOHIIOB OTPE3Ka

Ecimm M cosunagaer ¢ C', To nokaseiBaTh Hedero. [lycrs M ue coBuamaer ¢ C'. [IpoBeaém orpesku
AM wu BM. B upsamoyrosbabix Tpeyrosibaukax ACM u BCM xarerst AC' u BC paBHbI, KaTer
CM — obmmit. CretoBaTeIbHO, 9TH TPEYTOJIBHUKN PABHBI 110 IBYM KareTtaM, u motomy AM = BM.
Buagut, Touka M paBHOyIaeHa OT KOHIOB oTpe3ka AB. IlepBoe yTBep:KIeHNe TOKA3AHO.

Hoxkazkem Bropoe yrBepkenue. [lycts Touka M paBrHOygaiena ot KoHIoB otpeska AB (puc. 2,
cripasa). Yepesz M u cepenuny C' orpeska AB mpoBeiéM mpsmyo p.

B tpeyrompaukax ACM u BCM umeem: AC' = BC, AM = BM, cropona CM — obmasl.
CiteoBaTeIbHO, 3TH TPEYTOJBHUKHI PABHBI 110 TpéM cropoHaM. [lostomy pasubr yriet ACM u BCM
(OHU ABJISIOTCST COOTBETCTBY IOIMMHE, TIOCKOJIBKY JIE?KAT HAIPOTHB PABHBIX cTOPOH ). Ho B TO Ke Bpemst
STU YIJIbI ABJIAIOTCH CMEXKHBIMEU U JaioT B cymMMe 180°. SuauuTt, oba 3tux yria pasubl 90°, To ecTb
npsiMas p nepreHauKyaapaa AB.

Urak, mpsimast p — cepeIMHHBIN TEePHEHIUKYIIP K 0Tpe3Ky AB. Bropoe yTBepkieHre T€M caMbIM
JIOKa3aHO, & BMECTE C TeM JIOKa3aHa U TeopeMa.

Bamaua 1. /lokaxkure, 9TO cepeMHHBbIE TIEPIEHINKY/ISIPbl K CTOPOHAM TPEYTOJbHUKA IIEPECEKAIOTCS
B OJTHOW TOYKE.

Pewenue. B Ttpeyronbanke ABC npoBenéM cepeuHHbIE TIep-
HEHIUKYJISIPbI p1 U Py K croponamM AB u BC' coOTBETCTBEHHO
(puc. 3). [Iycrs p; u py mepecekatorest B Touke O.

[Tockosbky Touka O JIEKUT HA CEPEeTMHHOM TIePIIeH INKYIs-
pe K oTpe3Ky AB, oHa paBHOy/1ajleHa OT KOHIIOB 3TOT0 OTPE3Ka:
OA=0B.

[Tockosbky Touka O JIEKUT HA CEPETUHHOM IIEPIIEH UK YJIs-
pe k orpe3ky BC', oHa paBHOyIaIeHA OT KOHI[OB 9TOIO OTPE3KA:
OB = 0C.

Urax, Tpu orpeska OA, OB u OC pasubl npyr apyry. Ilo-
ckobky OA = OC, Touka O JeXKUT Ha CEepPeJMHHOM IIepIIeH- Puc. 3. K zamage 1
JIUKyJspe p3 K orpesky AC.




CrenoBaTeIbHO, TPU CEPEINHHBIX MEPIIEHIUKY/IAPa P, P2 U P3 liepecekarorcs B Touke (), 9TO u
TpebOBAJIOCH JT0KA3aTh.

JlaBaitiTe cHOBa B3ryisgHEM Ha puUC. 3. Ecaum BOTKHYTb UIVIy HMUPKY/Is B TOUKy () U HapUCOBATD
okpykHOCTb payinycom OA = OB = OC, 10 3Ta OKpPYKHOCTH MPOHJIET Yepe3 Tpu Bepiuubl A, B u
C mariero TpeyrojbHUKA.

OKpPYKHOCTH, KOTOPast IIPOXOUT U€pe3 BCE BEPITUHBI TPEYTOJbHUKA, HA3BIBACTCI ONUCAHHOT BO-
KPYT 9TOr0 TpeyrobHuKa. Mbl BUIUM, UTO 60KpY2 4100020 MPEY2ONOHUKE MOAHCHO ONUCAMD OKPYIHC-
HOCMb, U NPUMOM €OUHCMEEHHYI; UEHMP ONUCAHHOT OKPYHCHOCTIU €CTND MOYKG NEPECEYEHUA Cepe-
OUHHDBLT NEPREHIUKYAAPOS K COPOHAM MPEY20ALHUKA.

BuccekTpuca yria

Muzr 6y,ZL€M I'OBOPUTDH 00 yIuiax, MEHbIIINX paBBépHYTOI‘O yriia. HaHOMHI/IM, 9TO pacCCTOoAHMEM OT TOYKHU
a0 HpﬂMOfI Ha3bIBACTCsA JIJIMHA IIEPIICHAUKYJIAPa, OIIYIICHHOI'O U3 ,ZLaHHOfI TOYKH Ha JaHHYIO IIPAMYIO.

TEOPEMA. BuccekTpuca yria ecTb reoOMeTpUIecKOe MECTO BHYTPEHHUX TOUYEK yTJia, PABHOYIAJIEH-
HBIX OT CTOPOH yTJIa.

JIOKABATEJILCTBO. Bo-11epBbIX, MbI JIOJI?KHBI JI0OKa3aTh, UTO JII00Asd TOUKA OMCCEKTPUCHI yTJIa PaB-
HOYJIaJIeHa OT CTOPOH yrIJia. Bo-BTOPBIX, HAM HYKHO JI0Ka3aTh, YTO HUKAKUE JIPyrue BHYTPEHHUE
TOYKH YTJIa 9TOMY YCJIOBHIO HE YIOBJETBOPSIOT, TO €CTh OMCCEKTPHCa COJIEP:KUT BCE TOUYKHU, PABHO-
yJaJEHHble OT CTOPOH yTJIa.

Taxum oOpa3zoM, KaK U BbIIIE, MbI JIOJ?KHBI JJOKA3aTh JIBA YTBEPXKICHU:

1. ecau mouxa sescum na 6ucce7€mpuce Yyena, mo oHa paenoyda/@eﬁa om cmopor 3moeo Yyena,

2. ecau BHYMPEHHAA TMOYKA YeAa pasnoy&aﬂena om €20 CmopoH, ™Mo ora AEHCUM HA 6ucce’1~cmpuce
amoeo yeaa.

Hokazkem nepsoe yreepxkenue. [lycrs [ — 6uccekrpuca yria AOB (puc. 4, ciesa). Bosbmém Ha
OuccekTprce TPOU3BOIBbHYIO TOUKY M u mpoBeém neprenaukyasipsl M P u M) K cropoHaM yTiia.

B B
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Puc. 4. I'MT Touek, paBHOY/IaJI€EHHBIX OT CTOPOH yTJIa

B npsmvoyromeubix Tpeyrosbaukax OMP u OM(Q runorenyza OM — obimasi U, KpoMe TOrO,
ZMOP = ZMOQ. Cnenoarensno, AOMP = AOM(Q 10 Turnoreny3e u OCTPOMY yIJIy, U ITOTO-
My MP = MQ. Takum obpazom, Touka M paBHOya/eHa OT CTOpoH yria. [lepBoe yTBep:Kienue
JIOKA3aHO.

Jokaxkem BTopoe yrBep:kienue. [lycts M — BuyTpennsis Touka yria AO B, paBHOyIa/éHHAS OT
ero ctopoH (puc. 4, cupasa). [Iposeném mya | = OM.

CHoBa paccMOTpuM TpsAMOyToJbHbIe Tpeyroabauku OMP u OM@Q. YV #ux runorenyza OM —
obmast u, kpome Toro, MP = MQ. CremoBarensno, AOMP = AOM(Q 1o runoreHyse u KaTery,
u nmoromy ZMOP = ZMOQ. Takum obpasom, | — 6uccekrpuca yria AOB. Bropoe yrBepxKaeHue
JIOKA3aHO, & BMECTE C HUM JIOKa3aHa U TeopeMa.



Banaua 2. /lokaxkure, 9T0 OUCCEKTPUCHI TPEYTOJbHUKA [TEPECEKAIOTCS B OJIHON TOUKE.

Pewenue. Ilycrs 6uccekrpucet yriioB A u B tpeyronsuuka ABC nepecekatorcst B Touke O. Omycrum
neprenukyaapet ON, OP, O@) Ha CTOpOHBI TPeyroJbHUKA (puc. 5).

A N B

Puc. 5. K 3amaue 2

[Tockosbky Touka O jexKuT Ha GuccekTpuce yria A, oHa paBHOymajaeHa OT CTOPOH 3TOrO yIJia:
ON = OP. B Ttoxe Bpems Touka O jiexkut Ha dbuccekrpuce yria B, mostomy ON = OQ).

Caenosarenbro, OP = O(Q), To ectb Touka O paBHOyIaaeHa oT cropoH yria C. Suaunt, O JeKuT
Ha OuccekTpuce 3Toro yria. Takmm obpa3om, buccekrpuchl yriioB A, B, C nepecekatorcs B Touke O,
4T0 U TPebOBAIOCH JOKA3ATD.

Borkuém urny mupkysas B Touky O m HapucyeM okpyzkHOCThH pajuyca ON = OP = OQ). Dta
OKpyKHOCTH KocHETCs ctopoH AB, BC' u AC tpeyronbsuuka ABC.

OKpYKHOCTH, Kacarolascs BCEX CTOPOH TPEyTOJIbHUKA, HA3BIBACTCA 6NUCAHHOT B ITOT TPEYTOJIh-
HUK. MBI BUJIUM, 9TO 6 10001 MPEY20AHUK MOACHO BNUCAMD OKPYHCHOCTL, U NPUMOM eQUHCTNEEH-
HYI0; YEHMP BNUCAHHOT OKPYACHOCTIU €CTMb MOYKA NEPECEUEHUs OUCCEKMPUC MPEY2ONLHUKG.

Saaun

1. /IBe pa3juvHble OKPYKHOCTH Tepecekarorcs B Toukax A u B. Jlokaxkure, 910 mpsMast, IIPOX0/isi-
masi gepes3 MeHTPbI 3TUX OKPYZKHOCTEH, MepIeHINKYyIsipHa OTPe3KY AB U JIeJIUT €ro MOMOJIaM.

2. Toukn M u N gpistorcs cepegunamu paBHbIX cTopoH AD u BC' uerbipéxyrosbuuka ABCD.
Cepenunnbie neprieHukyisApbl K croporam AB u C'D nepecekaiorcs B Touke P. Jlokaxkure, 4To
CepeIMHHBIN TEePIeHTUKY/IAp K oTpe3ky M N Takke MPOXOIUT depe3 TOUKy P.

3. buccekrpucer BBy u C'Cy tpeyrosbauka ABC' niepecekatorcst B Touke M. Buccexkrpucer By By n
C1Cy tpeyrombauka AB;C) nepecekatorcs B Touke N. [lokaxkwure, aro touku A, M, N jexar Ha
OJIHOM IIPSAMOI.

4. Yron B tpeyronbauka ABC pasen 120°. Toukn D, E u F' — ocHOBaHUS OMCCEKTPUC TPEYTOJTBHUKA,
npoBeaeHHbIX u3 Bepmua A, B u C' coorBercrBenno. /lokaxkure, uro ZDEF = 90°.



