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CucremMbl ajirebpandeckux ypaBHEHMIl
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Sajaun .

Ecnu Bam BerpeTmsiach ciioKHas CHCTeMa yPaBHEHUil, TO MPUIETCS HPOSBIIATh U300peTaTe/ib-
HOCTBH W OTBICKMBATBH HEKHII TPIOK, IIOCKOJIBKY HUKAKOTO €IUHOI'0 METO/Ia PEIICHN TAKUX CUCTEM He
cytmiecTByeT. HeoOGXouMbIM yCJIOBHEM yclieXa B JAHHOM CJIydae ABJIsIeTCsl OOJIBITION OIBIT PENIeHus
CHACTEM ypPaBHCHUI 1 3HAHWEC PAJA BOZHUKAIOIIUX IIPU 3TOM CTAHAAPTHBIX CUTYAIIH.

HanHast cTaThs MOCBSAIIEHA TOJBKO CHCTEMAaM DPAIMOHAJBHBIX ypaBHeHHil (06e JacTh KOTOPBIX
CyTh MHOTOWIEHbI WJIM OTHOIIEHHs MHOrO4ieHoB). CHCTeMbl UPPAIUOHABHBIX yPaBHEHUNA OYyIyT
paccMOTpeHbl B cTaThe «lpparmonaibibie ypaBHEHUS U CUCTEMBI».

1 JIBoiinast 3aMeHa

MokeT oKazaTbCsi, UTO JIBE IMEPEMEHHBbIE BXOJSAT B CUCTEMY JIMINb B COCTaBE JIBYX YCTOWYUBBIX BbI-
paxkennit. OG03HAYAEM 9TU BBIPAYKEHUsT HOBBIME OyKBaMm!

SATAYA 1. Penmutn cucremy:

X
rT+y+-—=9,
y
wrye o
y

PENIEHUE. [lenaem 3aMeny v = x +y, v = % U TIPUXOJIUM K CHCTeMe

u+v =79,
uv = 20,

U3 KOTOPOii jierko Haxogum u =5, v =4 wim u = 4, v = 5 (371ech U Jajee MOAPOOHOCTH B MPOCTHIX
CHTyaIUsX OIyCKaloTCs). B mepBoM ciiydae moJydaeM CUCTeMY

r+y=>,
T_y
Y

pelreEneM KOTOpOit cyzKuT mapa © = 4, y = 1. Bo BTopom ciiydyae mmeeMm cucTeMmy

r+y =4,
i

~ =5,
y
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N () B
U3 KOTOpoit & = =, y = 3.

: (10 2
OTBET: (4,1); (1, 2).
BAIAYA 2. (MO®THU, 2007) Pemurs cucremy ypaBHEHUI
Yy +2x — 3y +2=0,
22%y — 3xy? — 122 + 18y = 16.

PENIEHUE. 3amumem Bropoe ypaBHEHUE B BUJIE
zy(2z — 3y) — 6(22 — 3y) = 16

U cllesiaeM JIBOVHYIO 3aMeHy
u=uzy, v=2r—3y.

Cucrema IpuUMeT BU/I:
u+v+2=0,
uv — 6v = 16.

Jlerko nHaxoaum: u = 2, v = —4, 9TO UPUBOIUT K CHUCTEME

Ty =2,
20 — 3y = —4.
DTa cucreMa TakKe He IPeJICTaB/IsieT caokHocTel. Eé pemenus: v =1, y = 2 wim x =

OTBET: (1,2); (—3,-2).
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|
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2 CumMeTpudecKue CUCTEMBbI

Oyuknus f(r,y) JAByX HEPEeMEHHBIX T W Y Ha3blBaeTcsd cummempuueckol, ecma f(y,z) = f(x,y);
WHBIMU CJIOBaMU, CUMMeTpuUecKas (hYHKIUs MEPEXOIUT caMa B cebd ITPU OJIHOBPEMEHHOM 3aMene X
na y u y na x. Hanpumep, f(z,y) = 22 + 3zy + y* — cummerpudeckas dyukius, a g(z,y) = 2> +y
CUMMeTPUYeCKOit He ABJsteTcs, MocKoIbKy g(y, x) = 3> + x # g(z,y).

Cucrema
flz,y) =0,
g(z,y) =0

Ha3bIBAETCS cummempuyeckot, ecau f(x,y) u g(r,y) — CUMMeTpHIECKHEe MHOTOYJIEHbI. B cummer-
pUUECKUX CUCTEMaX OTJIMIHO PabOTaeT JIBOWHAS 3aMeHa

u=x+y, V=Y. (1)

BAAYA 3. («Ilokopu Bopobvéev zopui!s, 2010) Pemure cucremy ypaBHeHuit

22y 4+ xy? =2 — 2z — 2y,
T+Yy+5=—xy.

PEIIEHUE. UMmeem:
zy(r +y) +2(z +y) =2,
r+y+axy= -9,



win, jenas 3ameny (1),

uv + 2u = 2,
u+v=-5.
N3 BTOpOTO ypaBHEHWS BBIparkaeM v = —u — D U TOJICTABJIAEM 3TO B IIEPBOE ypPaBHEHUE; TOCJIE

IpeoOPA30BAHUIT TTOJTYIUM
WH3u+2=0 wu =—1, up=—2.

CootBercrBeHHO, ¥; = —4, vy = —3, TaK YTO UCXOJHAS CHCTEMa PaBHOCUIbHA COBOKYITHOCTHU JIBYX
CUCTEM:
r+y=-1, T+y=-—2,
I
xy = —4 ry = —3.

Obe OHM perTarTCs JIEMEHTaPHO.

OTBET: <_1+2‘/ﬁ, _1_2‘/ﬁ>; (_1_2\/ﬁ, _1+2\/ﬁ>; (1,-3); (=3,1).

OkasbIBaeTcst, 9To JII000M CUMMETPUYECKUT MHOTOUJIEH JIBYX IIEPEMEHHBIX X, Y MOYKHO 3alliCaTh
KaK MHOI'OYJIEH JBYX IEePEMEHHBIX U, V. DTO TeopeMa, KOTOPYIO MbI He Oy/1eM JI0Ka3bIBaTh; HAM BarKHO
yMeTb BbIpazkKaThb 4depes u 1 v MHorowieHsl x2 + 42, 22 +y3 u 2t + y*.

Nmeem:
uw? = (x4 y)? = 2%+ 2y + 92 = 22 + y* + 2v,
OTKY/1a
xQ—I—y2 =u? — 2.
Hautee,

ud = (x+19)> = 2® + 322y + 3z’ + v° = 2® + 4 + 3ay(x +y) = 2 + 43 + 3uw,

OTKY/1a
2 4y = u® — 3ww.

Haxkomnerr,
ut = (v +y)t = 2t + 42ty + 627y + day® + oyt =
_ 4 4 2, .2 2,2 4, 4 2 2
=" +y* +dry(x® +y°) + 627y = 2" + y* + dv(u® — 20) + 607,
OTKY/Ia
ot 4yt = ut — 4uPv + 207

SAJIAYA 4. Pemuth cucremy

23 4+ 3 = 19,
(xy + 8)(z +y) = 2.

PENIEHUE. Jlerko BuieTh, 4TO 3Ta CUCTEMa dABJFETCI cUMMeTpudeckoil. /lemas 3ameny u = x + v,
U = 2y, HOJIyYUM CUCTEMY

u® — 3uv = 19,
u(v+8) =2.

W3 BTOpOro ypaBHeHHS BhIpaxKaeM uv = 2 — 8u U IMOJCTaBJIsIeEM B IIEPBOe ypPaBHEHUE:!

u? —3(2—8u) =19 < u®+24u—25=0.



OquH,ILeH KOpPEHb U = 1, Y9TO IIO3BOJIAET Pa3JIOZKUTH JIEBYIO YaCTb Ha MHOXKHUTEJIN:

(u—D(w*+u+25)=0 & u=1.

Haee naxomum v = —6 U NPUXOJIUM K CHCTEME
r+y=1,
Ty = _67

orKyna r = 3, y = —2 wiau HaobopotT, r = —2, y = 3.

OTBET: (3,-2); (—2,3).

O6patuTe BHUMAHKE, YTO Y CUMMETPUIECKON CHCTEMBI U OTBET CHMMETPHYEH: ecyid napa (Zo, Yo)
SIBJISIETCST PEIlleHreM, TO U tapa (Yo, Tg) — TOXKE pelleHue.

3 CuaoxkeHne ypaBHEeHUIA

OJ1HO U3 ypaBHEHHi CHCTEMbI MOXKHO 3aMEHUTH Ha cyMMy (WJIM Pa3HOCTD) e€ ypaBHeHuil. B pesyiib-
TaTe MOJIYYUM CUCTEMY, SKBUBAJEHTHYIO UCXOIHOM.

x3 T y3 — 7’
22y 4+ xy® = —2.

PEHMIEHUE. DTy cUMMETPUYECKYIO CUCTEMY MOXKHO PEIUTH OOIIMM METOJOM, M3JIOZKEHHBIM BBIIIIE.

SAJIAYA 5. Pemuth cucremy

HO MOZKHO " CpaBy CJIO2KHUTD IIEPBOE ypaBHeHI/Ie C yTpoeHHbIM BTOPBLIM:
4327y + 3+t =1 & (24y)P=1 & r+y=1
Orcrona y = 1 — x; moACTaB/IsgeM 3TO B IepBOe yPABHECHHUE CHCTEMBI:
- -1P=7 & - (2*-32"+3x-1)=7 & 2P-1x-2=0.
Jlasbime sgcHO.
OTBET: (—1,2); (2,-1)
BAJAYA 6. (MI'Y, dunonoeuy. ¢-m, 2007) Pemure cucremy

22° —x — 3y =0,
2y* +y + 3z = 0.

PEIIEHUE. BerauraeM u3 1mepBoro ypaBHEHHUS BTOPOE:
0=2(z"—y*) —4(z+y) =2 +y)(lr—y—2).

Ecau y = —x, T0 nepBoe ypaBHeHHe cucreMbl (2) jaér 202 + 22 = 0, otkyna = 0 (u Torga
y=0) mwm z = —1 (nrorma y = 1).

Ecim ke y = x — 2, To nepBoe ypapHenue (2) npuBoauT K ypasHenuto x2 — 2x + 3 = 0, KoTopoe
He nMeeT KOpHei.

OTBET: (0,0); (—1,1).



4 OgHOpPOAHBIE CHUCTEMBI

Oyuknus f(x,y) ABYX HepEeMeHHBIX T U Y HA3BIBACTCS 00HOPOOHDBIM MHO20YAEHOM 8MOPOT, CMenenu,
€CJIn OHa UMeeT BU I
2 2
f(z,y) = ax” + bry +cy

(C OYEBHIHBIM JIONOTHUTEIBHBIM YCJIOBUEM, 9TO He Bee KOd(hdUImenTs! a, b u ¢ paBHbI HYJIIO). AHa-
JIOTUYIHO OIPEJIEIAIOTCS OHOPOHBIE MHOTOUJIEHBI 00JIee BBICOKUX CTEIIeHel; HallPUMe]D, OJTHOPOIHBII
MHOTOYJIEH TPEThell CTelleHn MMeeT BUJ

f(z,y) = ax® + b’y + cxy® + dy°.
O0dropodnas cucmema (BTOPOW CTENEHN) — TO CHCTEMa BHJIA

CL1.I'2 + bll'y + Clyz = dl,

(3)

GQZL'Q + ngy + 02y2 = dg,

rje d; u dy — HeKoTopble 4ncsa. Ecim 06a OHM He paBHBI HYJIO, TO, YMHOXKasl ypaBHeHus (3) Ha
HOJIXO/ISAIIIEe MHOXKUTE N (HAIpUMep, HA ds U dy COOTBETCTBEHHO) M BBIYUTAS WX JPYT U3 JIPYTa, MbI
IIOJIYyYUM OJHOPOJHBIII MHOI'OYJIEH, PABHBIN HYJIIO.

SAJIAYA 7. Pemuth cucremy
322 + by — 2y% = 20,
2 ray+yt =1

PENIEHUE. YMHOXKHUM TIepBOE ypaBHEHHE Ha 7, & BTopoe — Ha 20:

212? 4 352y — 14y* = 140,
2022 4 202y + 20y* = 140.

Berauraem u3 mepBoro ypaBHeHUsI BTOPOE:
x? + 152y — 34y° = 0.

Permast 310 ypaBHeHHe KaK KBaJPaTHOE OTHOCHUTEJNLHO T (C MapaMeTpoM ¥ ), HAXOMUM T = 2y W
x = —17y. Ocraércs noACTaBUTEL 9TO B JIIOOOE ypaBHEHME MCXOJHON CUCTEMBI (IIPOIE BO BTOPOE) U
JioBecTu 3a/1a41y 10 orBeTa. CreaiiTe 3TO CAMOCTOSATE/IHHO.

OTBET: (2,1); (=2, —1); <_¢1_;797¢L379); (\}_;97_\%9

BAJIAYA 8. («Dusmex», 2012) Pemure cucremy ypaBHeHUi

6r 2
=+ 5= 4y,
Yy T
Tr 4y

— + — — 10 = 3zy.
Y x

PEIIEHUE. PopMasibHO 9TO He COBCeM cucTeMa Buja (3), TO IPUHIUI JEHCTBHSI TOT JKe. Y MHOXKIM
IIepBoe ypaBHeHUEe Ha 3, BTOpoe Ha 4, 10C/ie 9ero BBIYTEM U3 IIEPBOI0 BTOPOE:

10z 10
o5 =0,

Yy T



Temeps jestaem 3ameny t = % :

2% — 5t +2

2 1
2t+z—5:0 =0 & t:21/1m/1t:§.

[Ipu t = 2 umeem & = 2y; nepBoe ypasHeHue jaét Torga 8y? = 8, y = +1, orkyja v = +2 (3Hak x
COBITQJIAET CO 3HAKOM ¥). AHAJIOTUYIHO PaCCMATPUBACTCS CIydail ¢ = % .

OTBET: (2,1); (—2,—1); (%;1); (—%;—1).

5 YMHOX>KEHUeE U JieJieHue ypaBHEeHUN

[Tox ymuoxkenunem ypasaennit A = B u C' = D mbl nonnmaem mepexoj K ypasuenuio AC' = BD, a
o JiesieHneM — mepexost K ypasaennto A/C = B/D. B nocieaaem ciaydae He0OXOAUMO TPOCIEINTh
3a TeM, IYTOOBI He MOJIYIUTh Hy/Ib B 3HAMEHATeJe.

z*y® = 16,
3y? = 2.

PEIIEHUE. fcHo, uto x # 0 u y # 0. Jlesium 1iepBoe ypaBHEHHE HA BTOPOE:

BATAYA 9. Penuthb cucremy

y:8 &y =8x.
x

[ToncTaBuM TO BO BTOpOE ypaBHEHHUE:

1 1
3 2 5
642" =2 & =— & r=_.
Teneps naxomum y = 4.
OTBET: (1,4).
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BAIAYA 10. (MO THU, 2006) Haiitu jneiicTBuTe/IbHBIE PEIIEHHs] CHCTEMbBI yDaBHEHUI

{53 Py = 4(2® + ),

3wyt = 2? — >

PEMIEHUE. @opMaabHO MBI UMEEM JIEI0 ¢ UPPAIMOHAJIBHBIMU YPABHEHUAMHI, KOTOPBIE OYIyT pac-
CMATPUBATHCS B OJIHOM U3 ciieytormux crareit. OHaKo HUKAKOi crenuduKu nppanoHaIbHbIX yPaB-
HEHUU TyT HA CAMOM JeJjIe HET.
OTrmeTnM cpa3sy ke, 9TO eCJIu OJIHa U3 IMepeMeHHBIX paBHa HYJII0, TO U BTOpad paBHa Hyso. [lapa
(0,0) siByisteTcsi pellleHreM CUCTEMBI, & OCTAJIbHBIE PeIlleHUsl UIeM B mpeosiozkenun & # 0 u y # 0.
[TepemuozkaeM HaIM ypaBHEHUS:

1522y = 4(a* —yY) & 42t —152%° — 4yt =0 &
& (P-4’ +1A) =0 & 2P=4y & =+

Ecim x = 2y, To BTOpOe ypaBHeHue JTaéT:

6

V25 =32 & 20 =1 o y=2

u Torga r = 4. Anasoruyno, ecom r = —2y, Toy = —2u r = 4.



OTBET: (0,0); (4,2); (4,—2).

B maunbosee ciioxKHBIX ClIiydadx 1epe YMHOXKEHUEM WJIN JIeJIEHUEM ypaBHeHI/Iﬁ HY2>KHO emé OCHO-
BaTeEJIbHO HOpa6OTaTb.

BAIAYA 11. (MO TH, 2006) Pemursb cucremy ypaBHeHUit

y2

22
2y — 3wy = 4y — 2°.

(24 x) = 4y — 3z,

PEIIEHUE. YMHOX)KaeM IepBoe ypasHeHue Ha x> (orpanudenue x # 0 GyjieT yuTeHO MO3Ke):

2y + zy? = 42y — 327,
2y — 3zy = 4y — 2°.

Tenepsb HACTymaeT caMblil TPYAHBI MOMEHT: HY?KHO Pa3IVIs/IeTh «XOPOIIHE» KBaJpaTHBIC TPEX-
wiensl 2 —4t+3 = (t—1)(t—3) u t*—3t+2 = (t —1)(t—2) ¢ obmmm muoKUTEREM ¢ — 1. [Tepenmimenm
CHCTEMY CJIEJYIONM 00PA30M:

2(y® — day + 32°) = —2¢°, o Jrly-oly =30 = —2y7,
x? = 3ry + 2y° = 4y (z —y)(z —2y) = 4y.

Jlerko BuzeTh, UTO 00€ YACTH BTOPOIO ypaBHEHUsI HE MOIYT OOpAIaThCst B HYJIb (IIPeJIIoJiarast
obpaTHOe, B KayKJIOM CJIydae IPUXOJUM K paBeHCTBY & = ( Bompekn orpanundenuio). leaim mepBoe
ypaBHEHWE Ha BTOPOE:

r(y — 3x
2y = 32) =4 o 20° + 2y —62° =0 & (y+22)(2y —3z) =0.
T — 2y 2
Orciona uveem y = —2x mn y = S2. OCTa8TCst MOACTABATE 9TO BO BTOpOE (TaK IPOIIE) ypaBHEHHE

HCXO,HHOfI CHUCTEMbI 1 II0CJIC dJIEMEHTaPHbIX BBIYUCJIEHUA IIOJIYYUTDb OTBET.

OTBET: (—+,12); (6,9).

T 15015

6 YmnpoirieHue ogHOTO U3 ypaBHEHUIA

B ormenbHBIX ciydasix OJHO U3 ypaBHEHU cucTeMbl yaaércs npusect K Buay AB =0, rme Au B —
HEKOTOPBIE (HECJIOXKHBIE) BBIPAXKEHUsI, 3aBUCAIINE OT TIEPEMEHHBIX.

BAIAYA 12. (MO THU, 1999) Haiitu Bce JieiicTBUTE/IbHBIE DEICHUST CUCTEMbI yPABHEHU

z? — 2% —2y* =0,

3

x7—|—y—4:y2+ym3.
T

PEMEHUE. IlepBoe ypaBHEeHHe HHYEro XOPOIIETO HAM HE CYJIUT, IO9TOMY BO3BMEMCS 3a BTOPOE.
[Tomust 06 orpanndennn x # 0, yMHOXKaeM ero Ha

M+ =2ty 2Ty & 2@t —y) @ —y) =0 & @ —y)('—y) =0

Orciona umeem y? = 7 wm y = x?.

[Iycts cnagana y? = x7. IlojcrasisgeM 9TO B IepBoe ypaBHEHHE:

¥ —a® — 227 =0,

7



9TO IpU orpaHuvdeHuu T # () paBHOCHILHO KBaIPATHOMY YPaBHEHUIO
22 —r—2=0

c kopusimu —1 u 2. Koputo = —1 me cooTseTcTByeT HUKakoe 3Havenue y (ubo y* = —1), a g
KopHs & = 2 noydaeM y2 = 27, 10 ecTh y = £8v/2.
I[Iycts Temeps y = 2. IlogcTaBasgeM B IepBoe ypaBHeHHE:

OTKy/Ia ¢ yaéroMm orpanndenus x # 0 umeeM = 3 U COOTBETCTBEHHO Y = 81.
OTBET: (2,8v2); (2,-8v2); (3,81).

Mozker CJIYIUTbCA, 9TO ypaBHEHHUE, BOCIIpUHUMaAEMOE KaK KBaJIpaTHOE€ OTHOCUTEJILHO O,HHOIL/'I u3
IIEpEMEHHbIX, UMEET «XOpOLHHfI» JUCKPDUMMWHAHT.

BAIAYA 13. (MO THU, 2008) Pemursb cucremy ypaBHEHUit

22— 3xy + 2> + 5 — 9y +4 =0,
2 —y* —5=0.

PEIEHUE. Bropoe ypaBHeHne nMeeT JI0BOJILHO ITPOCTON BUJI, U BMECTE C T€M HUYEro MOJE3HOTO U3
Hero He u3BJeueib. [loaroMmy paboTaTh HaJIO ¢ IEPBBIM YpaBHEHHEM. 3alldIleM ero Kak KBaJpaTHOe
OTHOCHUTEJIBLHO T (C MapaMeTpoM ¥ ):

2?4+ (5 —3y)z +2y* — 9y +4 = 0.

JIMCKpUMUHAHT:
D=(5-3y)?*—4Q2* -9y +4) =y* +6y +9 = (y +3)7

OTKY/J1a
:C:?)y_5;(y+3):2y—1 I x:3y—5—2(y+3):y_4.

Ocraérea CJ€JIaTb 9TU IIOJCTAaHOBKH BO BTOPOE€ YpPpaBHEHUE. Hecnoxuble TexHuaeckue JeTaJil OIIMCBhI-
BaTb HE 6y)1eM — BBI JIETKO CMOXKETe JOBECTHU PCIIeHUE 10 KOHIa CaMOCTOATEJILHO.

oo (3.2 (-5, 4): (+¥.4)

7 CucremMbl ¢ TpeMsi HEM3BECTHBIMU

CucremMbl TPEX ypaBHEHHUI ¢ TpeMsl HEM3BECTHBIMU PEIAIOTCA TEMU Ke MEeTOJaMU, KOTOpble ObLIN
M3JI02KEHBI BhITEe. PazyMeercs, 3a/1a41 B IEJIOM CTAHOBATCS CJIOZKHEE.

BAAYA 14. (OMMO, 2012) Permure cucremy

( [L’y

:17
r+y
! o
Y+ z
xz _3
T+ 2



PEMIEHUE. 3anuiiem ypaBHEHHUs B CJIEIYIOIIEM BHJIE:

(1 1
r.fC"‘y:l’ S+ =1,
xy x oy
y+z 1 1 1 1
=5, < -+ -=—=,
Yz 2 y oz 2
ZE+2_1 1+1_1
\ 2z 3 Lz 2z 3

Teneps neaem 3ameny u = 1/x, v =1/y, w = 1/z u npuxoauMm K cucreme

u+v=1,
1
vt+w= 5
1
U+ w= 3
KOTOpagd perlaercd 3JIEeMEeHTapHO: 4 = %, V= 1—72, w = —%. Orcro/1a JIerko TOJIy9YaeM OTBET.

(12 12
OTBET: (2,2, -12).
SAIAYA 15. (M@TH, 2002) Pemnth cucremy ypaBHEHHI

2% — P — 2% 4 wyz +5 =0,
P+ 2% —a® — 20z —2=0,
-yt - P tayz+4=0.

PEIIEHUE. CiioxKuM mepBoe ypaBHEHUE CO BTODBIM:
3 —
> —xyz+3=0.
BerareM 3 mepBoro ypaBHEHUsI HCXOIHOM CHCTEMBI YJBOCHHOE TPEThE:
3 _
Yy  —zxyz —3=0.
Haxkowerr, cjio2KuM BTOpoe ypaBHEHUE MCXOHON CHCTEMBI C TPETBUM:
3 —
2" —ayz+2=0.
Ucxonnas cucrema paBHOCHIIbHa cucTeMe ypasHernit (4)—(6):
3 = zyz — 3,

y3 =zyz+ 3,

23 = xyz — 2.

[IepemHOXKMM ypaBHEHUS 3TOI CUCTEMBI U CJIeJIaeM 3aMeHy t = xyz:

B=01t-3)(t+3)(t—-2) & 22+9t—-18=0.

Orcriona t = —6 wu t = % Ocraérest mojicTaBUTh 3TU 3HaUeHusi B cucreMy (7) u Haiitu x, y, 2.

OTBET: (—v/9,—V/3,-2); (—{’/%, {’/%,—{’/%).



BAJIAYA 16. (MO THU, 2004) Pemursb cucremy ypaBHeHuUit

(3y— )2:2+227
(3y +2)* =3 + 27, (8)
(z —2)* =4+ 9%

PENIEHUE. 31ech j1e/10 uaeT K JeeHnio ypaBHeruil. [lepernmmem cuctemy ciieyrommm 0Opa3oM:

(x—3y)?—22=2, (x —3y+z2)(x — 3y — 2) = 2,
- By+2?=-3 & {(r—3y—2)(z+3y+z2)=-3, 9)
(x—2)?—9y* =4 (x+3y—z)(x —3y — 2) =4.

JleBble yacTu HAIMX YpaBHEHWI He paBHbI Hy/110. [esinm nepsoe ypasaenue cucrembl (9) Ha BTOpOE:

rT—3y+z 2
—— =— & Hr—3y+5z=0. 10
r+3y+=z 3 . Yoz (10)

Henum tperbe ypaBuenue cucremsl (9) Ha mepBoe:

x4+ 3y —z

=2 & r—-9y+32=0. 11
r—3y+z R (11)

Ucxomuast cucrema (8) paBHOCHIBHA CHCTEME, COCTABIEHHOIN U3 MEpBOro ypaBHeHus (8) u ypas-
mennit (10) u (11):
By —x)* =2+ 2%
S5x — 3y + 5z = 0, (12)
x—9y+32=0.

U3 tperwero ypaBhenust cucrembl (12) mmeem x = 9y — 3z; MOJACTaBUM 3TO BO BTOPOE ypaBHEHUE W
HalIEM §y = 25—12, OTKY/Ia T = 9-%2’—32 = —gz. [Tosryuennble BoIpazKeHus & U Y Yepe3 2 MOJICTaABIgEM
B riepBoe ypasHeHue (12) 1 B pe3ysibraTe HAXOAUM 2 = j:%7 TIOCJIE Y€ero ONpeiesisieM COOTBETCTBYIOITNE

SHa4YCeHUA T 1 Y.
OTBET: (—1,3,1); (1, —55, — %)

BAJAYA 17. («Qusmezs, 2009) Pemmrsh cucremy ypaBHEHUi

(y —x)(a* +y*) = 15,
(y + 2)(y* + 2%) = —13, (13)
(z — x)(2® + 2%) = —20.

PEIIEHUE. Mbl XOTUM JIOMHOXKHUTBH KayK/I0€ U3 yPABHEHUI HA COOTBETCTBYIONIUIT MHOYKHUTEH TaK,
9TOOBI TIOJIYIUTh B JIEBBIX YACTAX PA3HOCTU YeTBEPTHIX crerneHei. OHAKO paBHOCUIBHOCTH TAKOTI'O
1peobpas3oBanus TpeOyeT 0OOCHOBAHUS.

[Iycts y + x = 0, To ectb y = —z. Torga Bropoe ypasHeHue cucteMbl (13) mpumeT Buj

(z —z)(2? + 2%) = —13;

COIIOCTABJISISI 9TO € TPeThbuM ypasHeHueM (13), Mbl BuiM, uTo cucrema (13) He OyeT UMeThb pereHnit.
Taxkum o6pa3oM, HU OfHa Tpoiika dnces (x,y, z), i KOTOPOHl BBIIOJHEHO Yy + © = 0, He SBJISeTCsI
perierneM cucteMbl (13); MHBIME CJIOBaMU, YMHOXKUB II€PBOe ypaBHEHWe Ha Y + X, Mbl [OJIYIHM
CHCTEMY, PABHOCHILHYIO UCXOIHOIA.

10



Touno Tak ke MOKA3bIBAETCS, YTO HU OfHa Tpoiika (z,Yy, ), /I KOTOPOi BolmosHeHo z — y = 0
win = + z = 0, He gBIgeTCa pernenneM cucreMsl (13). YMHoxkas mepBoe ypaBHEHHE Halleil CHCTeMBbI
Ha Y + T, BTOpOe — Ha z — Y, TPeTbe — Ha & + 2z, IPUJEM K PABHOCUJILHOU CUCTEME

y' -t =15(y + ),
Z4 - y4 - 13<y - Z)u
gt — 2t =20(z + 2).
Cnoxkum st Tpu ypasuenusi: 0 = 28y + 3bx + 7z, otkyna z = —br — 4y. [logcraBiss sto B

Tperbe ypasHenue (13) u npucoeuHsst nepsoe ypasHerue (13), moayduM cucreMy JIBYX ypaBHEHU
OTHOCHUTEILHO T U ¥

(y — 2)(2* + y*) = 15, 3 — 2%y + 2y — P = —15,
(=62 — 4y) (2 + (5z + 4y)*) = —20 392° + 862y + 64xy* + 16 = 5.

HOHy‘{I/IHaCb OJJHOPO/IHad CucCTeMa TpeTbeﬁ crenenu. Mpl y2Ke 3HaeM, 9TO HY>KHO JIe/IaTh: YMHOXKaeM
BTOPOE€ ypaBHEHHUE Ha 3u CKJIaJIbIBa€M C IIEPBLIM YPaBHEHUEM:

1182° + 2572%y + 1932y* + 47y* = 0. (14)

Ecaun x = 0, To B cuity 91oro ypasHenusi u y = () BOIPEKH [EePBOMY ypaBHEHUIO cucTeMbl (13).
Iosromy semum ypasrenne (14) ma ° # 0 n obosHadaem ¢t = ¥

47t + 193¢ + 257t + 118 = 0. (15)

DTO, KOHEYHO, «¥KECTh», HO 9TO moje/aenb! OcTaércst ynoBaTh JIUIIb HA TO, UTO MOI0EPETCS «Ma-
JIeHbKHUIT» KOpeHb. $ICHO, UTO MOJIOKUTEIbHBIX KOPHEil ypaBHeHue (15) He nMeer, Mo3ToMy HAYMHAEM
C «MaJIeHbKHX» OTpHUIaTe bHBIX. U meiicTBuTesnbHo, t = —2 sBisgercs Kopaem! Nmeem:

(4783 + 941%) + (99t + 198t) + (59t + 118) =0 <« (t + 2)(47t* + 99t + 59) = 0.

Juckpumunant ypaphennus 47t + 99t + 59 = 0 orpunaresen, nostoMmy ypasuenue (15) umeer b
ojmH Kopeub t = —2. O1ciofia y = —2x, U Tenepb 3aKOHIUTH PEIeHne TPY/ia He COCTABJIAET.

OTBET: (—1,2,-3).
8 3Bamaunm

Bo Bcex 3aj1agax 110 yMOJTYAHUIO TpeOyeTcs PelIuTh CUCTEMY yPABHEHUIA.

1. («llae 6 6ydywees, 2022, 8.2) Haiijure Bce 3HAUYEHUs] T U Y, TP KOTOPBIX BBIIOJHEHBI 002
ypaBHEHUS

2
:13\/2\/§+2\/6+9+4\/§—2y:y\/<1—\/——\/§> :
ry =6+ 2z — Jy.
(z'z) (e—‘e—)
2. («Illaz 6 6ydywees, 2019, 8.2) Pemure cucreMmy ypaBHEHHUIA:

v+ 22 =2y + 4,
(y+2)-(x—4)
x? —6x+8

=x— 2.

[{0— D) 0)}]

11



3. («Ilaz 6 bydywees, 2019, 8.2) Pemure cucremy ypaBHeHUit:
y—x+1
T g
x? — 3z
y? + 5+ 22y = 6y + 62 — 2%

Y

[{2) (-2 1)}]

T 13
T, y_18
4. Yy x 6
T +y=0>5.
(¢'e) ‘(g2
r+y xz—y 13
5. r—y x+y 6
TY =095
(1—‘g—) (1°9)
LT LTy
6. y ooy oy ’
T +y=23.
(1°2)
1 1
—+—=35,
r Yy
7. 1 1
(F9) (5D
2
__|_g:37
8 r 3
SR EE N
2y 27
(1) “(9°2)
2
r+y+—5 =T,
Y
9. )
(x +y)z
5 =12.
]
(ere+e—ere—9) (epre—a—‘gre+9) e—'0) (1°0)
3 2y_1
2 2 _ DV
10. Tt 4y 1 T

€9 ¢ €9 ¢ €9 «_ €9 ¢ ¢ ¢ ¢
(901/\177 901/\177) '(901/\17 901/\17) (r='e=) (1'¢)

12




3

2
)
11. vy
2 2 _
x°y” + xy = 6.
(1—z—) «(12)
T 16
Yy — — =4,
12. 3
y 9
Ty — = = —.
y T 2
(e—c—) (¢0)

13. («Pocamom», 2020, 7.4) Pemuts cucremy

22 +y* —dr+ 2y =0,
2?4+ 22 —dr — 62 =0,
v+ 222y —62=0.

’(9537517) “9°0%) (02— %) (0°0%%) (9'z—"+0) “(9'c—"+0) (9:0°0) ‘(0‘z—+0) (0:0°0)

14. (MTI'V, sxonomun. g-m, 2002)

y—axy —x =11,
2 2,
zy” —x"y = —30.

\ (1'6—) (¢‘1-) (g'e—) “(e‘c—) \

15. (MT'Y, zeonozun. ¢-m, 1998)

z(1+y)=y+7,
z?y — 2y* = 6.

(o1r —e—orr —¢) f(oLp + =01 +8) H(e—2-) H(e ')

16. (MI'Y, dusuveckui ¢-m, 2003)

L E B
202 + 3y  3x2 -2y
6 34 5

3x? — 2y + 222 4 3y h
(g°2) “(ec—)

17. (M®TH, 2007)
2zy +4x + 3y = 2,
4o’y + 3xy? + 122 + 9y = 8.

13



18. (MI'V, ¢-m nousosedenus, 2007)

r+y+ary=7,
22+ y* + xy = 13.

(1) (e'1)
1o 227 +2y? — 3z — 3y +ay = —1,
' 22 +y® —2r — 2y +3ay = 1.
(‘)
2y + xy® = 20,
20. 1 . I 5
r oy 4

(Q/\Z—Q— ‘Wig—) f(yig_ ‘Wz_g_) (1) (1)

21. (<«Iloxopu Bopobwéen, 2opwi!», 2010)

y+art+ayt+y+5=0,
r+y+zy+5=0.

(0'¢—) “(¢—"0) {(e‘c—) (c—"‘¢)

22. (OMMO, 2016)
? — xy +y* =19,
ot + 22y? 4yt = 931.

(g—‘g—) {(g—‘g—) ‘(g q) (g‘e)

23. (MI'Y, /IBU, 2014.6) Haiinure Bce MOJIOKUTETBHBIE T, Y, VIOBJIETBOPSIOIINE CHCTEME yDABHEHUI

{mg +y =16,

2
r+ys =38.
g=fi‘y =2
o4 23 P 207y + 20y* = 21,
' 22° + 2% + 2%y + 2y = 24.
(1'2) (z‘1)
3 3,3 3
'+ xy +y° =17,
25. vy
r+axy+y=>5.
(1'2) “(z‘1)

14



z® +4° = 65,
26. 4 2.2 4
T —xy +y =13,
(1—‘2—) He—‘1-) ‘(1°2—) “(e— ‘1) {(1—"2) “(z‘1—) (1°2) ‘(e ‘1) \
4, .4 2
=17
o7 4T Y (z+y)%,
Ty =2 + 2y.
(€9) H(9°¢) (1 2—) ‘(= ‘1) *(0°0)
og 4 100" +yY) = =170y + ),
2+t =5
\(z—‘t) (12=) {(1="2) “(g‘1-) \
29 2+ —2r 43y =09,
' 2% + 2>+ — by = 1.
’ o0 s ) f(Z‘I)‘
2 +y* =19,
30. 5 5
'y +axy° = —6
(¢'c—) “(c—'¢)
3_ .3
x° — 1y =65,
31. { , U
oy —xy” = —20
F—1) {(1— %)
3 + 3xy* = 158,
32 5 3
dr7y +y’ = —185
(s—2)
33. (MI'Y, gunroroeun. ¢-m, 2007)
r? — 2y —3=0,
Y42z —3=0.
(¢'e—) *(1—'1)
34. («Illaz 6 6ydywees, 2020, 8.2) Pemure cucreMy ypaBHEHMUIL:
2 _
y° 4+ xy = 15,
22 + zy = 10.
(e—‘c—) (¢'e)

15



35. (MI'Y, zeoepagun. ¢-m, 2002)

23 =5z + v,
y® = 5y + .

¢ ¢

(b= o) (o= o) (oeber ‘ver) (oem ‘dem)

H(9p—9r-) (90 91) Hz'e-) He—"2) H(0°0)

36. (MOTH, 2008)

(g,n‘g,nz—) f( ,,z‘g,z)
T [4 [4

37. («/lomonocoss, 2016, 10-11) Hausr 2017 ypaBuenuit: x1 + o = —2016, x5 + v3 = —2014, ...,
Z1008 + T1009 = —2, T1009 + T1010 = 0, T1010 + Ti011 = 2, Ti011 + Tro12 = 4, ..., T2016 + T2017 = 2014,
Top17 + X1 = 2016. Haﬁ,HI/ITe T2017-

e

222 — 3zy + y? = 3,
38. (o Y
x° + 2zy — 2y° = 6.
(1—z—) «(12)

2 4 2% =17,
39. 9
20y — x° = 3.

22% + zy — y* = 20,
40. ey
x° —4dxy + Ty” = 13.

41. (OMMO, 2015, 9-11)
5% + ldxy + 10y* = 17,
42% + 10zy + 6y° = 8.

(LT1-) ‘=11) ‘(6= ‘1) “(3‘1-)

42. (MT'Y, zeonoeun. g-m, 2003)

22 — > +3 =0,
63> — 18y — 132 — 3z = 0.

() () (o) (o)

16



43. («Dusmex», 2012)

) 9
2= —,
Y z Yy
2

2 3y, ,_9
Y z ryY

(1'¢—) “(1—*¢) «(1—1-) «(1°1)

44. («Dusmex», 2014)
v -2’ —ry+1=0,
2y® — 32% — by —2y° +2=0.

(ﬁ ‘T fg/\f) (E/%I ‘T fg/\) ((r2-) (1~ 1)

45. (orpaHUYUTHCS OTHICKAHUEM IeJIOYMCIEHHBIX PEIIEeHHI )

1,3 + y3 — 2,
2ry* — Py = 1.

' (x 4+ y)zy = 120.
(g°9)
2
Yy —xy = —12,
47. 9 B
x°—xy = 28.
(e—2-) “(g°L)
CCng 4 xSyQ — 12’
48. 2,3 .32 _
xoy® —xty” = 4.
(z‘1)
4 4
- —y =15,
49. 3 3 _
oy —xy°’ =
(1—‘¢—) (1°2)
5o, 4 @TYE —y) =16,
. _ 2 2 4
(z —y)(z”+y°) =40
(e—'1) ((1—"¢)

17



51.

52.

53.

54.

55.

56.

57.

(«@usmex», 2019, 9) Pemure cucremy ypaBHeHMii

92%y* + 92° + y* — 6y = 13.

{3x—y—3xy = -1,

(«@usmex», 2019, 9) Pemure cucremy ypaBHeHMii

(«@usmex», 2016, 9-11)

(MOTH, 2006)

(MOTH, 2000)

(MOTH, 2000)

(MDTH, 2005)

{

20 +y + 2zxy = 11,
22%y + xy? = 15.

22y + xy? — 22 — 2y + 10 =0,
oy — a2y — 227 4+ 2% — 30 = 0.

{5\3/ 222y = 2(2* + y?),

3/ 4xty3 = 4(y? — 2°

3

x—+3xy:25,
2y

3
y——2xy:16.
x

3
2B,
y?  dx

8 6
Z_Z_s
z Y
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58. (MOTH, 2006)

2
E(S +2zx) =3y —«x,

y? + 2xy = 32 — 2.

—

ialla]

ialla\l
L
—
)
|3
0
B

59. (MOTH, 2004)

y" + 295 + 327 =0,
x3 2

4 x
y o —ry=———.
Y Y
(s— ‘J‘G—) f(s—‘g/\ﬁ) ‘(g—‘qeT—)
60. (MOTH, 2002)
23 P 2
) + 3 — —
Y xr Y
1 310
—+ L= -0

(z— %)
61. (MOTH, 2008)

xy +y* — 222 + 102 + 8y + 12 =0,
v — P +7=0.

(-2 (E-8) e

62. (MO®THU, 1996)

22% —axy —y? — 102 — 8y — 12 =0,
20° +3zy + ¥+ —y—6=0.

(z—0) ‘{(F—‘2) (e—"‘¢)

63. («Iloxopu Bopobwésu, zopwls, 2019, 10-11)
N B
r—yV2  av2-y
1 1

_ — 1.
V2+y T4+ yV2

(ote= =a) H(ontem ‘o)
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64. («Hadeocda snepeemuxus, 2017, 8.1) Haiigure uncia x, y, z u3 ypaBHeHUi

l+2+y=uay,
24+y+z=yz,
542+ =z

] (7‘c‘e) mru (g—0°1—)

65. («Kypuamos», 2023, 8.3) Haiijure Bce TPOHKHN HOJIOXKUTEIBHBIX Yucest (a, b, ¢), YIOBIETBOPSIIO-

IIUX CUCTeMe ypaBHEHUN
a+b="0b+c+ 2be,

b+c=c*+a*+ 2ac,
c+a=a*>+b*+ 2ab.

—
—le
—le
—l
N

66. («Hadeocda snepeemuxus, 2016, 7.4, 8.4) Hucna x, y, z TAKOBBI, YTO OTHOIICHUST

Tty T+ z y+z

Y I

z Y x

IIPUHUMAIOT O/IMHaKOBOE€ 3HaYCHUE. HaﬁﬂHTe ero

67. («IHoxopu Bopobvésu 2opwi!s, 2019, 9.6) Pemmre cucremy ypaBHeHuit

x2:y+z,
y'=z+a,
P=x+ty

npu ycjiaosuu x,y, 2z > 0. B orBere ykaxkure: eciu perrenuii Het, To (), ec/i penienne oJiH0 — MPOU3-
BeJICHUE TYZ, €CJIU PEIIeHUl HECKOJIbKO — CyMMY NPOU3BEJICHUI Ty2 /s KayKJIOro PeIeHus.

68. (MI'YV, BKHM, 2000)
r+y—z2=4,
x—2y+32=0,
22+ 2y + 2% = 6w

(%7:%7 L%) 4([ ‘Z‘I)
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69. (OMMO, 2012)

( ab
=1
a+b ’
bc
=2
b+ c ’
ca _ 4
\Cc+ a

—
0
00D
00|
~—

70. (Omxpoman osumnuada, 2017, 8.3) Pemure cucremy ypaBHEeHHIt:

71. (OMMO, 2018)

72. («Qusmex», 2015, 10-11)

73. (MI'Y, HCAA, 2004)

74. (OMMO, 2011)

zy = 6(x +y),
rz =4(x + 2),
yz =2(y + 2).
%:2‘%:@‘V67:$I/IH‘H0:Z:ﬂ:x
2 (y—2)2—3,

(g—‘e—‘1-) (g‘e‘D)

(1 1
r y+z 127
1 I
y x+z 6’
1 1
Lz 4y 2
(Tc'%—)
x2+y2:xyz,
y2+22:xyz,

2242 = TYZ.

] (¢e—‘c—) (e—‘¢‘c—) (c—‘z—‘2) (c‘c‘2) {(0°0°0)

r+y+z=13,
2+ y* + 2% = 61,
Ty +x2 = 29yz.

(€°9'7) ((9'¢ ')
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75. (OMMO, 2017)
r+y+2—4xy =0,
y+z4+2—4yz =0,
z+ax+2—4zx =0.

76. («Dusmez», 2009)
x? — 2% =2x — 3y + 4z,
22—y =a+4y — 3z,
y* —2? = -3z — by + 2.

€ ¢ 9 ¢ 9 ¢ € ¢ 9 ¢ 9 ¢ ¢ ¢ Acn ¢
= AT g/\*ﬂ) '(é/‘ﬂ* AT wﬂt) He="1="1) *(0'0°0)

(=

77. («@Quamex», 2009)
2% = yz — 2z,
22 = —xz+ 2y,
2% = —xy + 22.

) o

o~
o]

oI~

—) (55 8) (@'c'e—) «(1°0°0) {(0°T°0) {(0°0‘T-) (0°0°0)

—
e~
©l~
©l~

78. (MOTH, 2006)

( 3
2z +—-+3=0,
x
4
Yy +—-—2=0,
z
2
rz+—+2=0.
\ Y

(1—‘z‘e)

79. (MO®TH, 2003)
4za® — y2® 4 22y = 3xyz,
2% + 22% — dya® = 3wyz,
20y — 2xz +yz = 3.

’ (c'1%-) He—1—%) t(1—2—%—) «(12*%) {(r'1—1-) *(1—‘1'D)

80. (MOTH, 2001)
3xr —y— 95z —2yz =0,
T —5y—z—22°=0,
x4+ 9y — 32+ 222 = 0.

22



81. (MOTH, 2002)
32° =3P + 22 —xyz —3 =0,

3P — a2 — 2 —xyz+5=0,
22—+ —ayz—2=0.

82. (M®OTH, 2004)
(z+y)? =3+ 422

(2Z_y)2 :4+$2,
(22 — )% =2+ ¢~

—
=l
o
|
0]©
|
~—
s
ialla]
|
~l©o
0]©
~—

83. («Qusmex», 2009)
(z =)@ +y°) =5,

(y+2)(y* + 2%) = 13,
(z — 2)(2® + 2%) = 40.
(€T—1-)

84. (MOTH, 1991)
3rz+1=4x 4+ 3z,

4oy — 3xz =4y — 32+ 9,
zy —z2y=x+3 —2z.

85. («Buwicwas npobay, 2015, 10) Haiinure Bce TPONKHN JEHCTBUTENBHBIX YHCET T, Y, 2, YIOBIETBO-

PAIOIINX CUCTEME YDABHEHUI
23yP3 = 1,

ryd =2,
ry2® = 3.

AT AT

B3 BE B )EE )8

o

86. («Buicwas npobas, 2017, 8) Pemurhb cucremy ypaBHeHUi

(

vi=12,
z+x

VY = 5

r+y

ol

U J0Ka3aTh, YTO JIPYIUX PElIeHu, KpoMe HalJeHHbIX, HET.
(T't'1) “(0°0°0)
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87. (MI'Y, mexmam, 2002-03.5) Pemursb cucremy

(
Q—Qxy:l
x
z—9yzz6,
Y
3
g =2.
\ 2

fg?‘fz¥‘é$ = 0 oIt ‘(01731‘705583%‘7031%)

88. (MI'Y, mexmam, 2007.2) I'paduku dbyHKIMiT
flz)=22"-2r -1 n g(z)= 52> +2z+3

IepeceKaoTcs B JIByX Toukax. Haiitn koaddunuentsr a u b B ypaBuenuu npsiMoit y = ax + b,
MIPOXO/IAIIEeN Yepe3 Te Ke TOYKH.

% —+ Iéf =A
89. (MI'Y, mexmam, 1977.4) Pemursb cucremy ypaBHeHHI

y? — 922 + 272 — 27 =0,
23— 9y? 427y — 27 =0,
23— 922 4272 —27=0.
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